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1 Introduction

Through the understanding of D-branes and string duality (see, for example, the text book
by Polchinski [1]), a more fundamental underling theory called M-theory has been expected
and each string theory is realized as various limits in M-theory. Although this M-theory
is expected, we have only poor understanding. Its low energy effective theory is given by
the eleven dimensional supergravity and it would be a theory of membrane compared from
a string theory which is a theory of string. The strong string coupling limit of ITA string
theory opens up the eleventh space and is described by M-theory. It is conjectured that
M-theory in an infinite momentum frame is described by BFSS matrix model [2].

The quantization of a membrane worldvolume theory is very challenging and one of
difficulty is the nonlocality associated with the deformation of membrane without changing
its volume (see, for example, a review by Taylor [3]). In string theory, the open string
and closed string duality appears in many situations and has provided many powerful
techniques. One important idea behind BFSS matrix model is also based on the open-
closed string duality and the worldvolume theory of multiple DO-brane, (which is governed
by open string fluctuations) describes the target space dynamics, i.e. the gravity in the
target space (which is governed by closed string fluctuations). Therefore another direction
to approach to M-theory is studying the effective action for multiple Membrane.

Recently Bagger and Lambert (BL) constructed a new three dimensional N=8 super-
conformal theory using a three algebra [4] (see also [5] by Gustavsson). Since BL theory
satisfies all the properties which multiple membrane should have, it is expected to describe
multiple membranes. For BL theory with SO(4) gauge symmetry, the moduli space [6-8] is
discussed and the theory is conjectured to describe a two membrane system in an orbifold



space [7, 8]. Soon after the work by Bagger-Lambert, Aharony, Bergman, Jafferis and Mal-
dacena (ABJM) generalized their idea and constructed three dimensional N=6 superconfor-
mal theories which contain BL theory as a special case [9]. ABJM also show the membrane
configuration in the eleven dimensional orbifold space time (RY2x (R®/Z}) and k is the level
of Chern-Simons coupling) for their N=6 theory with U(N)x U(N) gauge symmetry. Since
the matter fields are charged under U(1) in U(N) = U(1) x SU(N) and then U(1) is not de-
coupled from SU(N) in ABJM theory, BL theory with SO(4) = SU(2) x SU(2) may not de-
scribe a multiple membrane system. However U(1) gauge coupling is IR free and the BL the-
ory and ABJM theory with U(2) x U(2) gauge symmetry may be connected by a renormal-
ization flow. The target space superalgebra is studied in BL theory with the central element
which suggests the target space is an eleven dimensional space [10]. It is also discussed that
BL theory with the Nambu-Poisson algebra turns out be an action of single M5-brane [11].
Therefore we may still expect that BL theory describes multiple membranes. If so, it worths
studying a possibility that multiple membrane dynamics can describe a target space dy-
namics, as parallel to that the D-brane dynamics describes the target space dynamics.

One important consequence of open-closed string duality is probing the target space
from D-brane scattering using D-brane effective theory, i.e. Super Yang-Mills theory
(SYM) [12] where the one loop effective potential reproduces the Newton potential in
the target space.! We then expect a similar correspondence in M-theory, and in this note
we study the one loop effective potential around a relatively moving membrane background
in BL theory and see if the potential is understood as the Newton potential in the target
space. Since the target space is discussed to be an orbifold RY? x (R®/Z}), we are inter-
ested in a small k£ case in order to probe the whole spacetime otherwise the one spacial
direction is effectively compactified in a large k case (Zj is a subgroup of a U(1) and we
can always define one spacial direction generated by this U(1) for any value of k. We call
this direction the compactified direction.). However the coupling constant is proportional
to 1/k, the theory is strongly coupled for a small k£ and the perturbation will not be a good
expansion. Despite of that we still expect the one loop effective potential qualitatively
gives a correct answer, since we expect that an one loop open membrane amplitude can
be reinterpreted as a tree closed membrane amplitude, and also we treat a small deviation
from BPS state. This situation is similar to BFSS matrix model. One should take a large N
limit (N is the size of matrix) to recover the eleven dimensional Lorentz invariance, and the
matrix model should give a controllable description at a shorter distance than the Plank
length [12] at which we may expect the spacetime no longer looks like a eleven (or ten)
dimensional classical spacetime. Despite of these, even for a finite N, the one loop effective
potential reproduces the Newton potential.

With this expectation in mind, we study the membrane scattering and compute the
one loop effective potential in BL theory. The membrane scattering in ABJM theory is
mentioned in [14] and that in Lorentzian BL theory is discussed in [15]. We generally
expect to obtain the Newton potential between multiple membranes in eleven dimensional
spacetime. This is because BL theory is a three dimensional N=8 superconformal theory
in which scale and SO(8) symmetry are included as a global symmetry [16]. On the other

'D-brane scattering problem with string 1-loop amplitude was studied in [13].



hand, BL theory is related with D2-branes effective theory [17]. Then we expect the Newton
potential is the one in ten dimensions. Here is a question to clarify; which kind of behavior
will be derived from BL theory. This is one motivation why we compute the one loop
effective potential in BL theory in this paper.

From our calculations, we find that the potential is understood as the Newton potential
and the total dimension of target space, which is read from the exponent of the power law
behavior, is ten rather than eleven. We show the coefficient in front of the term which
is allowed from the dimensional analysis and is understood as eleven dimensional Newton
potential is zero. This result suggests that the open membrane, described as a perturbation
from the background, always wraps the compactified direction, and the BL theory can probe
only remaining ten dimensions within the perturbation.

Using BFSS matrix model, the membrane scattering has been discussed in [18]. Their
results are exactly same as those expected from type ITA theory? and then the non compact
space time in the target space has ten dimensions. Polchinski and Pouliot discussed the
membrane scattering with momentum transfer along the eleventh direction (M-momentum
transfer) corresponds to an instanton process [19]. We have an observation that the same
can happen in BL theory.

In the next section, we review the moduli space of BL theory and introduce the
general form of small velocity which corresponds to motion of membranes. In section 3,
we compute the one loop effective potential around backgrounds with several velocities
and discuss what BL theory can probe about the target space. In section 4, we summarize
and conclude.

During the preparation of present paper, we received the paper [23]. The authors
calculate 1-loop effective potential of ABJM theory and see an agreement with the Newton
potential on AdS; x S7/Z;.

2 Moduli space and position of membranes

In this note, we treat BL theory with SO(4) gauge symmetry. The moduli space of this
theory has been studied in [7, 8] at which the scalar potential vanishes. The Lagrangian is

1 - : _
L= 3D X" DX+ %\IJAP“DM\I/A + %fABCD\I/BP”XC’IXD’J\IJA

2
-7 [fapop XA X BT XOK] [ fppP XA X XK

12
2
+ 5 | fancp AL 0,ASP + 2 fapr® fropa AP ATP ARY
D XA = 9, XM + gAlp X BT, Ay = fApep AP, (2.1)

where fapcp is the structure constant for the three algebra and fapcp = €apep, (A =
1,--+ ,4 ete), for Ay algebra which is equivalent with SO(4) gauge symmetry. The indices

2Perturbavive study based on the loop calculation using D2 brane effective action, i.e. three dimensional
SYM, can be done similar to [12].



I,J,K(=1,---,8) are those of SO(8) global symmetry and the spacetime signature is
(=,+,+). This Lagrangian has N = 8 superconformal symmetry and supersymmetry
requires the coupling constants are same and the value of coupling constant g = 27 /k is
quantized (k € Z), because of Chern-Simons term.

After a suitable gauge transformation, the vacuum configuration (with the gauge fields
and fermions are zero) is

0
0 A=1,---,4
ALY — ’ v 2.2
) ri |’ I=1,---.8, (22)
z
where 7“{ and 7“5 are real values, and the index A = 1,---,4 is the index for the three

algebra. There are two sets of eight values { and r{, and then r{ and rf are related with
the position of two membranes in the eight dimensional transverse directions in the target
space. The moduli space should be divided by the gauge symmetry. The discrete symmetry
0(2,7) € SO(4) act on two vectors like:

-1
0 : r{ — —r{, 7“5 — ré, (2.3)
01
1
0 : r{ — r{, 7“5 — —rg, (2.4)
0-1
1
( (1) 0 ) : r{ — ré, 7“5 — r{, (2.5)

and the moduli space becomes ((R®/Zs) x (R®/Z3))/Z3. The moduli space should be
further divided by the continuous gauge symmetry. Since the gauge fields have the Chern-
Simons coupling, the continuous symmetry which keeps the Chern-Simons term invariant
and A% =01is Z, € U(1):

2l — et 0= ﬂ—kn, n ez, (2.6)
where 2! = r{ 4+ irl. Then the moduli space is (R® x R®)/Day, where Dy is a dihedral
group and for k = 1 it is just (R® x R®)/(Zy x Z5) and the target space is expected to
RY2 x (R®/Z5). This Z is a subgroup of U(1), and this U(1) generate one spacial direction
and we call this direction the compactified direction even for a finite k. In the large k limit,
this direction is identified and the BL theory reduces to the weakly coupled ITA theory [8].

Using SO(8) global symmetry, the form of (X“47) can be written

00 0
-00 0
- 0by 0 |’
-Oan

(x4 = (2.7)

o O O O
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Figure 1. The positions of two membranes in X’ coordinate, (bg, 0) and (0, ag). The ellipse is the
compactified direction generated by the U(1) subgroup. The aria of the ellipse (the shaded region)
is 7T(10b0.

and the position of membranes in X' coordinates and the compactified direction are plotted
in figure 1.

When ay # 0 and by = 0, one can integrate out massive gauge fields and obtain SU(2)
(plus free U(1)) SYM theory, i.e. D2-brane action, at the leading order in 1/ag [17]. If by
then turns on, SU(2) gauge symmetry is broken down to U(1) and the masses of massive
gauge bosons are given gagby. Therefore gagby = gym L where gy is the gauge coupling
of SYM and L is the distance between two branes. Since only the product gym L appears
in the Lagrangian, there is an ambiguity for gyn (and L). We know there is a symmetry
under the exchange of ap and by, and in ¢ — 0, (k — o0) limit the theory reduces to the
D2-brane system, and thus we choose gyy = g and L = agbg in this note.?

Since we would like to discuss the scattering of membranes, we introduce the small
time dependence into X“!. Solving the equations of motion for Af}B and X4 under
flf}’B = 0, we obtain

0 - 0 0 0
0 - 0 0 0
(x40 = ; (2.8)
vit - wet by + vt vst
urt -+ ugt urt  ag+ ust

and except that vg = (bgur)/ap, all the v and u are free. We note that the constraint
vg = (bour)/ap comes from the equation of motion for [12’4 which is the gauge field
corresponds to the continuous symmetry (2.6) and means that the momentum along the

3One can adjust the dimensions by introducing a dimensionful parameter, M,, so that gyn = gM,}/2
and L = aobo/Ml?.



compactified direction is set to be zero. This may be the similar situation to that one
light-cone direction is compactified and the momentum along that direction is set to be
constant in BFSS matrix model.

3 Membranes scattering and gravitational potential

In the previous section, we review the moduli space and the general form of velocity which
satisfies the equation of motion. In this section we study the one loop effective potential
around the background with non-zero velocities.* In string theory, D-brane scattering
has been discussed using SYM theory and the one loop effective potential reproduces the
Newton potential in the target space. Thus we expect we can probe the target space from
the one loop potential which we will compute in this section.

From the relation which comes from the gauge field flf’j4, one spacial direction is
special and there is no momentum transfer along the direction. Although we expect
that the target space is eleven dimensions, this observation implies we can only probe
ten dimensions, not eleven dimensions. On the other hand, the action has SO(8) global
symmetry and (supersymmetric) conformal symmetry and we may expect we can probe
eleven dimension according to the discussion by [16]. Thus we compute the gravitational
potential by applying the idea of computing the gravitational potential from SYM theory,
to clarify which observation is correct.

Before going to the calculation, we notice that the regularization in Chern-Simons
theory is not simple. A dimensional regularization naively breaks the gauge invariance due
to the difficulty of analytic continuation of €,,,. Another regularization is adding Yang-
Mills term and a careful study on the regularization methods has been done in [20]. The one
loop corrections in BL theory have been discussed with these regularization procedure [21].
In our calculation of one loop graphs, a dimensional regularization can be adapted.

3.1 For v; #0 and ug # 0

We first study the case where only v7 and ug are non-zero. In order to study the one loop
effective potential, we just have to keep quadratic terms in the Lagrangian around the
background. Then the relevant terms in the Lagrangian becomes £ = L1 + Lo + Ly,

- - 1 12 - 1 _ 12
L= Y g A0, B - 3 [auXW n gbA;] — (b)g AL X" — 2 [auxm + gaBﬂ
a=1,2
- 1 .12 _ 1 .12
—(da)gBf X1 — 3 {(%le - gbAi] + (9;b)gAZX LT — 3 {OHXQ’g + gaBi]
—(0ra)gBf X*5,
o T ~ 1 2 1
get pAiayBg ~5 [(%ng] ~5
1 |12 _ 1
5 Xt - gbBﬂ T (Ob)gBIXT - [0, X%5]7,

~ 72 ~
Lo {OHX?”S + gaBi] — (0ra)gB X33

4As in string theory, we expect that one loop potential may be trustful if the deviation from supersym-
metry can be controlled to be small, i.e. the velocities are kept much smaller than the distance between
the branes.



Figure 2. The arrows denote the direction of velocity.

1 1 ’ ’ —A"
Lf — EXAJ(D _ gQCLQbQ)XAJ + §XA JDXA N + \I]A FMaM\I[A,,
+%gab [@%78\111 . Elrmqf?] ,
(A=1,2, A =34, A" =1,--- 4, I=1,---,6)
where a = ag + ugt and b = by + vrt, and we have used the following notation
. 1 . - _
Al = 560‘5714“57, By = AZ‘4, (a=1,---,3, etc). (3.1)

In this case the direction of velocity is normal to the compactified direction (figure 2).
We integrate out fli which gives that BE’L is written by a derivative of scalar field, i.e.

Bg = 0, B. Substitute this expression into Lo, we obtain

La=—5 (.67~ [0, X3+ 9(0,aB))* -5 (3,44 ~g(0,0B))° -5 (.44, (32)

after by using a partial integral. Thus we have four massless scalar fields and the contri-
bution to the one loop effective action from this part becomes

1
V3P (ag, bo; ug, vr) = /d3x 4 x 3 In det 1. (3.3)

We can also easily compute the contribution from L£; which are twelve massive scalars

with the mass gab, sixteen massless fermion and eight massive fermions with the mass?

g*a®b? + go,(ab). Then we obtain

1 1 1
vf1 1P (40 by ug, v7) = /d3x12>< 5 Indet (0 — g2ab?) 4+ 12 x 5 Indet T — 16 o In det OJ

1
—8x 5 [In det(O—g*ab®+g(0ab)) +1In det(O— g*a®b? — g(Orab))] .
(3.4)



Now we study £1. We similarly integrate out BZ using the equation of motion and we ob-

tain,
1 ~ 12 1 -2 -
L= gz |0udl — 0, AL = 5 |0uX>T + gbA |+ (0h)g AL X>T
L 12 2]° 1 17 i’ i w7
1 (AL = A = 5 (0,0 — gbda| — @0)gAXMT. (35)

The Lagrangian £ is exactly same as the quadratic part of two D2-brane action with
the time dependent gauge coupling a. Thus we immediately see that if ug = 0, the one
loop effective potential is exactly same as that of two D2-brane scattering with the gauge
coupling ag and the distance between two D2 brane in X7 direction is gb. Then in this

case, we have
1
V11 1OOP(aO, bo; ug = 0,v7) = /d3x 2 % 3 [ln det(d — ¢%a®b? + (290,ab))
+Indet(O — g?a’b* — (2gatab))], (3.6)

and in total the one loop effective potential by expanding vt < by is

d3p 2(ga03tb)4
(2m)3 (p? + g2adb?)*

We notice that the terms with the second order in v7 cancel out. It gives the following

Vi IOOp(ao, bo;ug = 0, 1)7) = / + O((U7t)6). (3.7)

potential at the leading order

(a()atb)4 — (BtL)4
M oynLs

Vl 1OOp(ao, bo; us — 0, 1)7) = CYM (3.8)

9agbg
where cyyr is the numerical coefficient computed from D2-brane scattering using SYM
theory, and gynm = g and L = agpb from the matching with D2-brane action in the g — 0
limit. Since there is a discrete symmetry which exchange a and b, the one loop effective
potential of the case v7 = 0 is same as that of two D2-brane scattering with the gauge
coupling by and the distance a. Then in this case we have a same form

d®p (gOrabg)* (Orabg)* (0;L)*

Vlloop ,b; , =0 :/ ~ —_— = ,
(a0, bo; ug, vr = 0) (2m)3 (p? + g%a?b3)* oM gagby CYMQYML5

(3.9)

where gym = g and L = aby.

For both v; and ug are non-zero, the calculation is involved and we introduce a proper
gauge fixing term and compute the one loop effective potential. In order that the compu-
tation becomes simple, first we rescale flff:m = aAszl’2 to have canonical kinetic terms
%Aa [0 — (gab)?]A®. Next, we introduce the following gauge fixing

1 ota 21 7, OMa 2
@FH§W@+WMW—7%H—§hﬁ—wuL—?ﬁﬂ. (3.10)
The ghost Lagrangian may be suggested from L,; as
. 1 ota | _,
Lop=Y_ &a [auaau — g%ab® — ?aﬂ} &, (3.11)

a=1,2



which follows from the gauge symmetry of £;:
1
A, = aa“/xl, SX2T = —gbA*,
1
§A2 = aa,LAQ, SX 8 = gbA?. (3.12)

However, note that these ghost may allow a background dependent field rescaling ¢ —
f(a,b)é and ¢ — f(a,b)"'¢ with some function f(a,b). The normalization is fixed such
that the ghost Lagrangian has the supersymmetry after adding superpartners appropriately.
In stead of fixing the normalization from supersymmetry, we can determine the correct
normalization from the requirement that the total Lagrangian has the discrete symmetry
under the exchange (2.3)—(2.5). It is simply achieved by the ghost redefinition ¢ = ac and
¢ =a"1¢in (3.11), then we claim that correct ghost Lagrangian is

Lon = Z [D g2a?b? — 8 a?ua c*. (3.13)

a
a=1,2

Then L1 + Lyy + L4, becomes

1 ~ -
L1+ Lgg+ Lgp = Z §X°"7(D — Fa*P) X7 + 298“(ab)ALX2’7 - 296“(ab)AiX1’7

a=1,2
- 10*ad”a - 8“a8 a . o«
e 2 212 e a Ao H o o
+Z[A“ — a0 A + S DAY - —— A AY
a=1,2
oHad
+ Y e [D — ¢?a?t? — 2% . (3.14)
a=1,2

We compute the one loop effective action as a perturbation with v = 9;(ab) and dia. The
terms proportional to (9;a)? and (0;a)* cancel out between the gauge fields and ghosts, and
because of this the ghost action (3.13) is consistent with the discrete symmetry (2.3)—(2.5).
We can see the second order in terms of velocity v = 0;(ab) cancels out as expected from
supersymmetry. This is because the boson loop contribution from L1 + Lyr + Lgp + Ly is

/ d*p  4g%[0(ab))?
(

27-‘-)3 (p2+92a2b2)2

(3.15)

and it is canceled by the fermion loop contribution from Ly. We can also easily see that
the third order of v vanishes and the potential starts from the fourth order in v,

[(ubo +agu)]* _~ (&L)*

11
V=% (ag, bo; us, v7) ~ cym = M =
gaobo gymL

(3.16)

In summary, we obtain that the form of one loop effective potential is given by
(0;L)*/L> and the exponent 5 for L is consistent with the gravitational potential in ten
dimensional space.

From the above result that there are no terms proportionals to 1/a® or 1/b° in the
potential, when ag # 0 and by = 0 the potential vanishes at the one loop,

Vl IOOp(CLQ, bo = 0; ug, vy = 0) =0. (317)



Since Bagger-Lambert theory is a superconformal theory, the canonical dimension of a is

half and the possible form for the potential has the following form

(Ora)*
a6

Vet (ag, bo = 0;ug, vz = 0) o , (3.18)

If the coeflicient is not zero, we may claim that a is the distance between two membranes
and the target space is a eleven dimensional space from a similar argument on a scale
invariant SO(8) symmetric theory [16]. But, as (3.17), the coefficient is zero in Bagger-
Lambert theory.

These results suggest that the membrane fluctuations connecting two membranes al-
ways wrap the compactified direction generated by flf’j4 even k is finite, and therefore the
one loop effective potential only probes ten dimensions. Since in the large ag limit the ac-
tion at the leading terms in 1/ag is same as the action for D2-branes, this result is natural.

We give some comments in our calculations. The Lagrangian £; in (3.5) is same as
the quadratic part of D2 brane action with the time dependent gauge coupling a. This
shows Bagger-Lambert theory can treat more general situation where the gauge coupling
is also time dependent. Beyond the one loop level, the quadratic terms are not enough
and we have to look at interactions where it is known that the action is no longer same
as the D2 brane action (with time dependent gauge coupling) [17]. Thus we expect the
effective potential has a different form from the one computed from the D2 brane action
in the two or higher loop level.

3.2 For vg #0 and u7 # 0

We study the case vg # 0 and uy = agvg/by # 0. In the previous case, the membranes are
pulled normal to the compactified direction. On the other in the case vg # 0 and uy # 0,
the direction of velocity is tangent to the compactified direction (figure 3), (but notice that
the momentum along the compactified direction is always zero). We may expect the result
is different from the previous case.

The relevant term of Lagrangian after the redefinition flfj = apAj; and Bﬁ‘ = boBy
becomes L = L1 + Lo + Ly,

1 1
L= ) gLe" AGO, B — 5 [0, X"~ gL/l,'iJrgX/7:13;]2—5 0,X%T+-gL AL +gVtB2]?
a=1,2

1 1,8 1 272 1 2,8 2 172
—3 [OHX ®+gLB,, — thA;J —3 [OHX ®+gLB, + thA}J
~Vg(B} XV + B2X?T) — Vg(—AZX1E 4 AL X?%8), (3.19)
5 1 2 1 2
Lo = gLe" "Az&,BZ’—Vng’X3’7+Vng’X4’8—5[8ﬂX3’7+thBf;] —i[aux‘l@— gViB}]
1 4,7 312 1 3,8 312
) [0, X% —gLB;|" — 3 [0,X>° 4+ gLB;|", (3.20)

1
Lf - §XA’I

V2 2 1 ’ ) — A
e (L— Tt2> ] XA 4 5XA IOxATl 4 %\I,A IR

. V2 - o
—i—%g <L - Tt2> <x112r78x1:1 - \1111“78\112) ,

(A=12  A=34  A'=1,---,4 I=1,--,6), (3.21)

,10,



Figure 3. The arrows denote the direction of velocity.

where L = agbg and V = agvg = bguy. The background always appears in the combination
L and V and this Lagrangian can not be understood as SYM with time dependent gauge
coupling and/or time dependent Higgs fields after integrating out B} fields. In this case
the 1-loop effective potential becomes (We discuss on the calculation of the potential
in appendix A.)

1 V4 92v4
Lloop (1 _ 3 _ 20 .22
1% (L,V) gﬂ/dm [4L5 2L3t} (3.22)

In u7 — 0 with fixed V' limit it becomes D2-brane like potential. Again it is suggested

that 2-branes feel large ten dimension through this potential.
Before closing this section, we give two comments.

1. Since the physical mass scale is ab — u7vgt?, we expect that if ab — urvst? = agbg is
kept fixed the effective potential is zero. However ab — uyvgt? = agby implies all the
velocities u7 g and v7 g are zero.

2. We look again at the equations of motion for the gauge fields Bﬁ‘ and flz‘ (with
fermions are zero) which are

1 - o
0= —X"D, X!+ X DX 4 S <Ff‘p - geaﬁ73533> . (3.23)
0 = e X* DX 4 70 (9,85 — g™ AJB) ), (3.24)
where F o 18 SU(2) gauge field strength constructed by flfj Then the momentum
along the compactified direction is non zero (—X*/D, X3! + X3 D, X4T =£ 0) when
flfj has a magnetic monopole configuration (with Bﬁ‘ = 0). (The monopole instan-

ton configuration in ABJM theory is discussed in [22].) This is consistent with the
membrane scattering from three dimensional SYM with M-momentum discussed by

— 11 —



Polchinski-Pouliot [19]. Therefore we expect that higher loop contributions do not
change the form of leading potential, oc (9;L)*/L? and the eleventh direction cannot
be probed perturbatically. The eleventh direction can be probed through a non-
perturbative process.

4 Conclusion and discussions

In this note, we studied membrane scattering from Bagger-Lambert theory and read out
the dimensions of the target space from the one loop effective potential. We understand
the membranes propagating between two membranes always wrap on the one spacial di-
rection which becomes the compactified direction when the level of Chern-Simons coupling
k becomes infinite. This special direction cannot be probed and the membrane can only
probe ten dimensions in perturbation, though the Bagger-Lambert theory has SO(8) and
scale symmetries. As similar to the membrane scattering from SYM theory, the eleventh
direction can be probed through non perturbative effects.
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A Detail of the one loop potential in vg # 0, u7 # 0 case

Here we discuss the effective potential in section 3.2 in some detail. Contributions from
Ly in (3.21) are simple. Contributions from Ly in (3.20) can be written as those of four
massless scalars after integrating out B> ;1> as similar to section 3.1. So let us consider £4

n (3.19) in bellow.
To make the calculation easy first we integrate out By in (3.19) and redefine scalar

field as
a,7 «
= E V), a=1e (A1)
X* -Vt L Yy«

Then (3.19) becomes

2¢2
Ly = —1(L2 + V22)(9,X)>2 +2[a(£ﬂ(X“) - %(LQ - V(X
o qan . [0M€07E DE) 0w L o[ 0. AVER]
gl | o J g - 0 [ - T e
2
+4g§‘;t v, AL? AZ! +2—§2 {aml - % ut ge3(L? VQtQ)XQ]
2
= {a"f‘i T g v2t2>X1} # T oo a2
Fgo" (V12) <1 + 52) AL2x 1oy - vy 28 ;Al 2x21, (A.2)

- 12 —



where €2 = 1 + (‘2—22 In the last line, we introduced a convenient notation: A2X12 =
ATXT 4 A2X2 4A12X2%1 = ATX2 — A?2X!. Note that Y disappeared from the Lagrangian
due to a Higgs mechanism. Next we introduce a gauge fixing Lagrangian

20 2
Loy = 22 [8“/11 2 ¢ éhAl 24 ge3(L? VQtQ)XQ’ﬂ . (A.3)
Then a naive ghost Lagrangian (we will explain later why this Lagrangian is naive) would be
i, 201¢ V22N %] _
Loy, = Z ¢t |O0— Taﬂ — g*L? <1 Iz . (A.4)
a=1,2

Finally we make kinetic terms of X and Aj} canonical by a field rescaling, and then the

gauge fixed Lagrangian is

L1+ Lgp+Lyn =

V2t2>2 D¢ _ 40M(V0.VY) | yay2

1 ay2 _ 1| ar2
2(OMX ) 5 [g L <1 I : 72

1 oHEDVE DY 1 O
~5 @z @) (T - ) agag g et - agvie-E] oy

2 ¢ 3 2 3

201 V22\ 2 A9V

+é |0 — O 56 —g°L? <1 T2 ) &+ L 9 P, (EAL?) ALY

20,(Vt) ., oH (V22 2

-1[1«1(52 )EM Pay(é-All),Q)Xl,Q F 2gL (L ) <1 + £2> Ab,ZXQ,l

+2¢(L% — V2t2)8 § AL2y21, (A.5)

L

Then we calculate 1-loop effective potential as a perturbation of V. Now let us calculate
O(V?) terms of 1-loop potential by using this Lagrangian. Interaction vertices which are
relevant for our calculation are

3V2
— | X
212

V2

V=X [(gw)2 - 272

v
ey’ Ly [(th) } AS 4 TS AGAG

TVleQeiﬂ'aiA}’Q, (i,j=1,2) (A.6)

24 .
+c° [Q(th)2 +— Bt} ca—|—2gVe”eAilA§—

and free field propagators are

(X(2)XP(y)) = 6“P A(z,y), (AS(2)AL(y)) = 6" Az, y), (A7)
where , o)
Bp ey

2600 = [ i oo .

which satisfies
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A simple calculation shows that O(V?) terms are

2 2
- 42'% /dx?’(l +t02) Az, z) + 4LL2 dac?’/dy?’ A(m,y)(@%i — L) A(z,y). (A.10)
The contributions from fermionic loop cancels by themselves and the total potential is
given by (A.10). This seems to contradict with supersymmetry since V2 should vanish
because of supersymmetry. This is because the ghost Lagrangian was naive. Namely,
the normalization of ghost fields has not been fixed yet, and one may determine the
normalization so that the result is consistent with supersymmetry. Rescaling ghost fields

as ¢ = fc and ¢ = f~1¢, we have a new derivative interaction

2(0* )0 O
fy=c¢ ( f)“+( /) c, (A.11)
f f
to ghost Lagrangian L£,,. And here we propose to choose
f=1+ i%, (A.12)

and this interaction terms cancels O(V?) term (A.10). Calculations of higher order
potential contain UV divergent terms. These divergences are canceled by introducing
higher order terms of f, and then we interpret the remaining finite 1-loop potential of BL
theory as the Newton potential.

Now we calculate O(V*4) 1-loop potential with this f. O(V') term of the f is sufficient to
our purpose. For simplicity we consider Euclidean theory. Then the gauge fixed Lagrangian
for massive fields with f can be written as

-1 -
L:an(D—ngg)Xﬁ (I=1,...,6,A=1,2)
1- 1
—|—§\I/1’2 (@ o 7789m0) \111,2 + §Xa (D o QQm% + 5mX) Xa
1
+54% (0 - g°mp + oma) A* + HAGAG + ¢ (O — g°mg + dmy + K0)
+J€TALAT + Fe; APX2 £ GAP X (A.13)

Explicit forms of mg,dm, F, G, H, J are

V222 av? ¢ 3
mg:<L_ L>, 5mX:F_§, 5mA:§,
P S
M= e =2 2
(] € v  4gV% o 4gV
K8—2<f : o, F=Te G=-—"r J= o (A.14)
where f =1+ % in Euclidean theory. We define new fields from A as
Al = L(042—|-51)7 Aj = L(_al‘i‘BZ)a Af = L(Oﬂ—ﬁl)? A3 = L(O‘l‘"ﬁ?)?
V2 V2 V2 V2

(A.15)

— 14 —



and carry out Gaussian integration of X,{p Uh2 X & c® and Ag. Then we obtain the
following 1-loop effective Lagrangian:

L£H1oP — _6Trlog(—0 + m2) + 4Trlog(—0 + m3 — dmy) + 4Trlog(—0 + m3 + dmy)

—Trlog(—0Ox) + 2Trlog(—0y) — Trlog(—0a,)
1 o1 .
—1—504’(5 —mi 4 dma + J)a' + §ﬁZ(D —mi 4 oma — J)B

—1(v AV xB) P F(V - a-Vxﬁ)—l(v B—Vxa)F——F(V - 8-V xa)
Ox Ux

(V a—VXﬂ)F—G G—F(V a—V x[j)
DX DAO X

(v B—V x a)FEGDAOGEF(V B—V xa), (A.16)

where the symbol (] is Laplacian and

2V 2t
L bl
DX:D—mg—FémX,
O, = O—m+ dmy + K0,

dmy = Omy = —

04, =0-— mo+5m,4+2H+GA G. (A.17)
X

We also introduce the notations V- o = 911 + daava, V X av = O1cvg — Opvq, and so on. In
this expression, we did not include contributions which come from massless fields and tree
level term %(u2 + v?). Perturvative integration of a;, 3; and expanding log determinants

give the O(V*) 1-loop effective potential. After a straightforward calculation we obtained

1 vt gV
— yltloop(p vy = —/d3 - 2| . A.18
(L.V) =2 | & 4L5+2L3 (A-18)
To have this results, we evaluated momentum integrals as follows:
/d3x1d3z2 P, Azy,x0) Az, x3) . .. A(Tp—1,20) ATy, 21) = /d3:c I(n),
__ Tln- g) 1 1 1
/d3$1d3x2 t%A(ml,xg)A(ch,xl) = /d?’x t2 I(2). (A.20)
1
3,. 73 _ 3, 42
/d .Z‘ld i) tlA(acl,xg)tgA(acg,xl) = /d xt J(2), J(Q) m (A.Ql)
/d3x1d3z2d3x3 (1212 9t 0] 9617502)) A(zg, x3)A(23, 11) =
= / >z %[1(2) —m31(3)]. (A.22)
0
/d3$1d3$2d3$3d3$4 (;2 8361 361@2)) (w2, 23) (21 —8— ZE3,$4)) A(x4,271)
1
— 3 —
= /d x K(4), K(4)= pr— (A.23)
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where
-1 dp3  eP@=y)
A = — =
(r.9) = == /@W) .

is the free field propagator with constant m?2.

Finally we discuss the higher order terms of f beyond O(V'). The 1-loop potential
calculated by (A.16) contains UV divergent contributions. The condition that these diver-
gences are cancelled with each other is

2 1
—5mX+25mg—35mA—2H—|—§FF+§KK:0. (A.24)

It gives an equation to determine f:

. N
& f  fe 242 RS
——+2—+2——4—+— + L_%) <o A.25
& f & 3L VRS (4.25)
We introduce a new function G = 7 d Jog(f/€), then obtain a differential equation
: 5 d? 2V2 21
— 2-%, 1-22). A2
G 3G o2 ogé + —5 72 < 3§2> (A.26)

We can solve this equation order by order in V. Expand G as G = > 7, Gmyn,
then (A.26) determines each G™. G = £Y¥ to give no (finite/infinite) correction to
O(V?) terms of 1-loop potential. In this way f is determined as

Vi VEE O 20V3 11574
= 4+ + —
J = oxp ( L 202 9I® 187 >
t
=1+ VT +O(V3). (A.27)
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